Solution Key Mathematics B — Practice exam 2

The texts printed in grey are given to clarify the steps taken to obtain a given solution. To obtain the given scores,
only the text printed in black (or equivalent formulations) need to be given.

Subject-specific marking rules and guidelines

1. For each error or mistake in calculation or notation a single point will be subtracted from the
maximum score that can be obtained for that particular part of the question.

2. If a required explanation, deduction or calculation has been omitted or has been stated incorrectly
0 points will be awarded, unless otherwise stated in the solution key. This is also the case for answers
obtained by the use of a graphic calculator. Answers obtained by the graphic calculator should
indicate how the graphic calculator has been used to obtain the answer. Candidates must make sure
they mention formulas applied or provide lists and calculation methods used in their answers.

3. A particular mistake in the answer to a particular exam question will lead to a deduction of points
only once, unless the question is substantially simplified by the mistake and/or when the solution key
specifies otherwise.

4. A repeated mistake made in the answer to different exam questions will lead to a deduction of
points each time such a mistake has been made, unless the solution key specifies otherwise.

5. If only one example, reason, explication, explanation or any other type of answer is required and
more than one has been given, only the first answer given will be graded. If more than one example,
reason, explication, explanation or any other type of answer is required, only the first answers are
graded, up to and including the number of answers specified by the exam question.

6. If the candidate fails to give a required unit in the answer to a question a single point will be
subtracted from the total score, unless the unit has been specified in the exam question.

7. If during intermediate steps results are rounded, resulting in an answer different from one in
which non-rounded intermediate results are used, one point will be subtracted from the total score.
Rounded intermediate results may, however, be noted down.



Question 1.

a. Alternative 1:
, . 12
fr) = 2V4x+8 4= Vax+8
' 2
ffED)=7=Fx=1
Substituting A(—1,2) into y = x + b gives 2 = —1 + b and therefore b = 3
Reducingy =x +3tozerogivesy—x—3=0
Alternative 2:
, . 12
fr) = 2V4x+8 4= Vax+8
' 2
D= =m=1
slope; = —% = —_Tl = 1 (so the slope of the graph of f at point 4 equals the
slope of line 1.)
Substituting A(—1,2) into line [ gives: 2 ——1—-3 = 0. (So A lies on line [.)
b. Alternative 1:

(Left boundary:) Setting y = 0 for line [ gives 0 —x —3 =0sox = -3

(Middle boundary:) Solving f(x) = 0 gives 4x + 8 = 0 so x = —2

-1 -1 -1 -1 1
Av=f (x+3)dx—f \/4x+8dx=f (x—l—3)dx—f (4x + 8)2 dx
-3 -2 -3 -2

-1
-1 1 -1
Ay = [522 + 3x]_3 - [ﬁ 3 (4 + 8)15] <= 2 - [2(4x + 8)Vax + 8‘]_2)
2 -2

Alternative 2:
(Left boundary:) Setting y = 0 for line [ gives: 0 —x —3 =0so0x = -3

(Middle boundary:) Solving f(x) = 0 gives 4x + 8 = 0 so x = —2

-1 1 ]
Ay = Area triangle — f Vix +8dx =2 — f (4x + 8)2 dx
=2

=2

Area triangle =%- (xg—=3) "y, :%.2 )

Ay = 2—[§-ﬁ-(4x+8)1%]_1 (= 2‘[§(4x+8)“4x+8]:)

Ay=2—(3-4/2-0)=2-"=

W | N

Alternative 3:
(Left boundary:) Setting y = 0 for line [ gives 0 —x —3 =0sox = -3

(Middle boundary:) Solving f(x) = 0 gives 4x +8 = 0 so x = —2

-2 -1
Av=f (x+3)dx+f (x +3—V4x+8)dx
-3 -2

:f_j(x+3)dx+f1<x+3—(4x+8)%>dx

-2

-1
-2 1

AV=[lx2+3x] + lx2+3x—l-%-(4-x+8)15
_3 2 4 12 _,




Question 2.

a. Alternative 1: 1
The equation f(x) = |x3 — 3x?| = 2x gives x3 — 3x? = 2x vx3 — 3x% = —2x
Reducing x3 —3x%2 =2xtox(x? —3x—2) =0 1
The solutions are: x =0V x = 3+;/ﬁv x = B_Zﬁ 1
Reducing x3 —3x%? = —2xtox(x —1)(x—-2)=0 1
The solutionsare: x =0vx=1vx =2 1

S <3,s0x = 3_2—‘@ is not a solution. So there are 4 common points 1
Alternative 2:
fx)=x3-3x2ifx>3 (orifx=0vx > 3) 1
flx)=—x3+3x%ifx <3 (orifx<0v0<x<3)
Reducing x3 —3x%2 = 2xto x(x?—-3x—-2) =0 1
Solutions:x=OVx=3+2—\/HVx=3_T\/ﬁ 1
Rewriting —x3 + 3x2 =2xtox(x — D(x—-2)=0 1
Solutions: x =0vx=1vx =2 1
_ T <3,s0x = i is not a solution. So there are 4 common points 1

b. Boundaries: f(x) =0 glves x*(x—=3)=0 1

Solutions: x =0vx =3 1
_ 3 2 (303 _ 24212 _ 3_.3 232 1

V=m[(f())dx=m [ (x*=3x*)?*dx (of V = m [[(—x> + 3x*)? dx)

V= nfOB(x6 — 6x° +9x%) dx 1
—|t..7_ 6,25 3 1

V=mn [7x x° + o X ]0

V=2027~ 6543 1

35
Question 3.
a. Alternative 1:

i=i—i=()- ()=
FE=5-k=()-(=(5)

cos(£AHB) = |((::5)|:|((__22))|

—48+8 —-40
cos(2AHB) = 75030 _ {3200

cos(2AHB) = —% 2

So: £AHB = 135°

Alternative 2:
B =+/142% 4+ 22 = /200 = 102
H=+82+42=+/80=14/5
H=46%422=+40 =210

AB% = AH? + BH? — 2 - AH - BH - cos(<AHB) so:
200 =80 + 40 — 2 - 45 2V/10 - cos (ZAHB)

80
cos(2AHB) = —
( ) 16/50

cos(£AHB) = — %\/7

So: £AHB = 135°




Alternative 1:
T_ik =CH=h-¢= (i) - (168) = (—214)
Substituting A(0,0) into 2x — 14y =c gives k:2x—14y =0

=B b= () ()= (5)

Substituting €(6,18) into 14x + 2y = c gives I: 14x + 2y = 120

Rewriting k (for example) to k: x = 7y and solving: 14 - 7y + 2y = 120 gives

y=12end =02 s00(s2,11) orn (%)

Alternative 2:

220 _ 1. -1 1
slope, = —=-(ork L ll, S0 slopey = — =-)
Substituting (0,0) intoy ==x + b gives h = 0 s0: k:y = %x
4-18 14 —
slope; = e~ 2= —7 (or: k L1, so slope; = 7 =-7)

Substituting €(6,18) intoy = —7x + b gives b = 60, s0 l: y = —7x + 60

%x = —7x+ 60 gives x = 8%

x=8§givesy= 1?, soD(BE,ll) orD(“ 6)

5 5’5
Alternative 1:
Rewriting the equation of the circle into the form : (x — 6)2 + (y — 8)? = 100 and
noticing that the radius of circle c is therefore equal to 10.

Noticing that the centre N of circle d lies at the intersection of the perpendicular
bisectors of AB and AH (or another pair of perpendicular bisectors).

Determining an equation for the perpendicular bisectors of AB:
AB=b—d= ()= ())=(}) so1l4x+ 2y = c. Substituting the coordinates of
the centre (7,1) of AB (6r of M(6,8)) gives 14x + 2y =100 ory =50 — 7x

Determining an equation for the perpendicular bisector of AH:
AH=h—ad= ()= () =(5) so8x+4y = c.Centre of AH is found at the tip of

vector%((f‘) - (8)) = (3). Substituting (4,2) gives : 8x + 4y = 40

Determining the coordinates of the intersection of the perpendicular bisectors of
AB and AH:
Solving 8x + 4(50 — 7x) = 40 gives 160 = 20xorx =8 andy =50—7-8 = 6.
So N(8,—6).

d(A,N) = /82 + (—6)% = 10. Therefore the radii of the circles are equal.

Alternative 2:
Rewriting the equation of the circle into the form: (x — 6)? + (y — 8)? = 100 and
noticing that the radius of circle c is therefore equal to 10.

Equation circle d: (x — a)? + (y — b)? = r2.
Substituting 4(0,0) gives: a? + b% =12 (i)

Substituting B(14,2) gives (14 — a)? + (2 — b)? = r?
Or 196 — 28a + a® + 4 — 4b + b? = r? . Together with equation (i) this yields:
200 — 28a — 4b = 0 (ii)

Substituting H(8,4) gives (8 — a)? + (4 — b)? =12
Or 64 — 16a + a? + 16 — 8b + b? = r?2. Together with equation (i) this yields:
80 — 16a — 8b = 0 (iii)

Subtracting (iii) from 2x(ii) gives : 320 —40a=0s0 a=8andb =6

Substituting this result into (i) gives 82 + 6 = 100 = r2. So r = 10. Therefore
the radii of the circles are equal.




Question 4.

a. .. , _ e+ [x?] —x % [x+1]’
Determining that f'(x) = i) 1
Dy — 2.
£l = I 1
, 2x2+2x-x?
[0 = !
' 2
') = Fe 1
2 2
b. It has to be the case that: =— = —3x +p A ——ma_ = _3 1
. x+1 xX“+2x+1
Rewriting ———— = —3as: x’+ 2x = —3x’ —6x —3and so 4x? +8x+3=0 |1
Solutions: x = —= §2_4'4'3 = _SJ‘;E = _8;4 and sox = —1%Vx = —% 1
Analytically showing that x = —1% yieldsp = -9 and x = —%yields p=-1 2

C. Alternative 1: 1
x3—x?>=x%*(x—-1)
x*=1=(x+1Dx-1) 1

(x) = i R oS I g f(x) mits x — 1 # 0 ofwel x # 1 1
9 x2-1 (x+1)(x—1) x+1
g (= E = %) is not defined. 1
f) = % = % S0 point P (1%) has been eliminated from the graph of f to ’
obtain the graph of g.
Alternative 2: )

3_.2 2
Rewriting ’;Z_xl = ﬁ as (3 —x)(x+ 1) =x2@2+ Dforx=1Ax = -1
Reducing (x3 — x2)(x + 1) = x2(x? + 1) to x* + x? = x* + x? (or reducing it 1
further)
So f(x) = g(x) for x # 1 (for x = —1 both functions are not defined) 1
g(1) (= = = 3) iis not defined. 1
f) = % = % so point P (1%) has been eliminated from the graph of f to ’
obtain the graph of g.
Question 5.

a. y = e* shifted 5 units up givesy =e*+5 1
Multiplying y = e* + 5 with the factor%w.r.t. the x-axis gives y = %(ex +5) 1
Mirroring y = %(ex + 5) in the line y = x gives x = g(ey +5) 1
Rewritingx=§(e3’+5)as3x:ey+530e3’=3x—5 1
RewritingeY =3x—-5asy =1In(3x—5) 1

b. Noticing that it has to be proved that the graph of f has a point in common with ’
line [ and that their slopes are equal at that point
slope; = g =3 1

' 1 . 3
fre) = 3x-5 3= 3x-5 1
Solvingf’(x)=%=3give33x—5:10r3x:6sox=2 1
f(2)=In(3:2-5)=In(1) =0 1

Proving that (2,0) also lies on I (for example: att = —1: (3) — (2) = (2))
(therefore line [ is tangent to the graph of f)




Question 6.

a.

Showing that x4, = x5 = %\/i SO |AB| =y, — y5
(or: |AB| = \/(xB —x0)*+ (Vg —ya)?

The coordinates of the points in common with x = %\/E are determined by
solving cos(t) = %\/E This gives: t = in Vt= lzn

Va = }’Gﬂ) = sin (%ﬂ) + cos Gn) =1 +%\/§

Yp = Y(lzﬂ) = Sin(3%n) +cos(1%n) =-1 +%\/§

|AB :yA_szl‘l'%\/E_(—l‘F%\/E):Z

(or: |AB| = \/G\/E—%\/f)z + (1 +%\/§— (—1 +%\/§))2 =02 + 22 = 2)

Alternative 1:
x(t) = cos(t) =0 fort =%T[Vt =1

N =

4

N _ —sin (t)
v(t) = (2 cos(2t)—sin (f))

1= 9(7) = i) = €

w =

S S 1 _ —sin(lln) _r1
V2=V (1 ZT[) - (2 cos(3n)—szin(1ln)> - (_1)

2

o, ) 2 1
cos(a) = |15, ] — 1CDHCI V20~ VB

The requested angle is equal to cos™ (%5) ~ 63,43°

Alternative 2:
x(t) = cos(t) =0fort =%th = 1%71

x'(t) = —sin(t) and y’'(t) = 2 cos(2t) — sin(t)

[d_y] _ y/(% _ 2cos(7r)—sin(%7'[) _ -3 _3
it = i

)
) —sinGrr) T -1
[dy _ y’(l%n) _ 2cos(3n)—sin(1§n) -1 1

dxle=1ln N x'(137) - —sin(121) !

An argument showing that the requested angle is equal to
180° — (tan~'(3) — tan~*(—1)) (of 180° — (tan~*(3) + 45°))

Determining that the requested angle equals 180° — (tan™*(3) — tan~*(—1)) =
63,43°

Alternative 1:
Rewriting y = 2x as sin(2t) + cos(t) = 2cos(t)

Rewriting the previous equation as: 2 sin(t) cos(t) = cos (t)

Reducing the obtained equation to cos(t) = 0 v sin(t) = %

cos(t) = 0 gives: t = %n, t= 1%71

. 1 . 1 5
sin(t) = Sgivesit=—-m, t=—-m

Giving an argument for the fact that P is above the line y = 2x if%n <t< %n \%
Sr<t<ilinm
6 2

Alternative 2:
Rewriting y = 2x as sin(2t) + cos(t) = 2cos(t)

Rewriting the previous equation as cos (% - Zt) = cos (t) or as:
sin(2t) = sin (g — t)




Thisyields:§—2t=tik-2nv§—2t=—tik-2n
or2t=Z—t+k-2m Vv 2t=n—(£—t)ik'2n
2 2

Therefore:t=%ik-§n v t=§ik-27r

. . 1 5 1 1
This gives: t =-m, t=-m, t=-m, t=1-7
6 6 2 2

Giving an argument for the fact that P is above the line y = 2x if: %n <t< %n Y
Sr<t<ilinm
6 2




